In this study, heat transfer and temperature distribution equations for logarithmic surface are investigated analytically and numerically. Employing the similarity variables, the governing differential equations have been reduced to ordinary ones and solved via Homotopy perturbation method (HPM), Variational iteration method (VIM), Adomian decomposition method (ADM). The influence of the some physical parameters such as rate of effectiveness of temperature on non-dimensional temperature profiles is considered. Also the fourth-order RungeKutta numerical method (NUM) is used for the validity of these analytical methods and excellent agreement are observed between the solutions obtained from HPM, VIM, ADM and numerical results. 
Introduction
In the heart of all the different engineering sciences, everything explains itself in some kinds of mathematical relations and most of these problems and phenomena are modeled by linear and nonlinear equations. Therefore, many different methods have recently introduced to solve these equations. Analytical methods have made a comeback in research methodology after taking a backseat to the numerical techniques for the latter half of the preceding century.
Most scientific problems and phenomena such as heat transfer occur nonlinearly. Except a limited number of these problems, it is difficult * E-mail: ddg_davood@yahoo.com to find the exact analytical solutions for them. Therefore, approximate analytical solutions are searched and were introduced, among which Adomian Decomposition Method (ADM) [1] [2] [3] , Variational Iteration Method (VIM) [4] [5] [6] [7] , Homotopy Perturbation Method (HPM) [8] are the most effective and convenient ones for both weakly and strongly nonlinear equations. Perturbation method [9] provides the most versatile tools available in nonlinear analysis of engineering problem, but its limitations restrict its application [10, 11] .
Perturbation method [12] is based on assuming a small parameter. The majority of nonlinear problems, especially those having strong nonlinearity, have no small parameters at all. The approximate solutions obtained by the perturbation methods, in most cases, are valid only for small values of the small parameter. Generally, the perturbation solutions are uniformly valid as long as a scientific system parameter is small. However, we cannot rely fully on the approximations, because there is no criterion on which the small parameter should exist. Thus, it is essential to check the validity of the approximations numerically and/or experimentally. To overcome these difficulties, some new methods have been proposed such as VIM, HPM, ADM and so on. Among these solution techniques, the Variational iteration method and the Adomian decomposition method are the most transparent methods of solution of fractional differential and integral equations, because they provide immediate and visible symbolic terms of analytic solutions, as well as numerical approximate solutions to both linear and nonlinear differential equations without linearization or discretization. The HPM, proposed first by He [13] [14] [15] , for solving differential and integral equations, linear and nonlinear, has been the subject of extensive analytical and numerical studies. The method, which is a coupling of the traditional perturbation method and homotopy in topology, deforms continuously to a simple problem which is easily solved. This method has a significant advantage in that it provides an analytical approximate solution to a wide range of nonlinear problems in applied sciences. In this paper, the Homotopy perturbation method, Variational iteration method, and the Adomian decomposition methods, as simple, accurate and computationally efficient analytical tools, are used to solve the nonlinear heat transfer equation. The accuracy of these methods is demonstrated by comparing its results with those generated by numerical method. 
Basic idea of
with the boundary condition of:
where L is a linear operator, while N is nonlinear operator, B is a boundary operator, Γ is the boundary of the domain Ω and ( ) is a known analytic function, where A( ) is defined as follows:
Homotopy-perturbation structure is shown as:
where ∈ Ω and ∈ [0 1] is an impeding parameter, 0 is an initial approximation which satisfies the boundary conditions. considering Eqs. (4) and (5), we have
The changing process of from zero to unity is just that of ν( ) from 0 to ( ). In topology, this called deformation,
The basic assumption is that the solution of Eqs. (4) or (5) can be expressed as a power series in :
and the best approximation is:
The above convergence is discussed in [16] [17] [18] .
Variational iteration method
To clarify the basic ideas of VIM, we consider the following differential equation:
where L is a linear operator, N is a nonlinear operator and ( ) is a heterogeneous term. According to VIM, we can write down a correction functional as follows:
where λ is a general Lagrangian multiplier [19, 20] which can be identified optimally via the variational theory. The subscript indicates the -th approximation and˜ considered as a restricted variation [19, 20] .
Adomian Decomposition Method
To clarify the basic ideas of ADM, we consider the following differential equation:
where R is the highest order derivative which is assumed to be easily invertible, L the linear differential operator of less order than R, N presents the nonlinear terms and ( ) is a heterogeneous term. Applying the invers operator L −1 to the both sides of Eq. (12), and using the given conditions we obtain:
where the function ( ) represents the terms arising from integration the source term ( ), using given conditions. For nonlinear differential equations, the nonlinear operator N( ) = F ( ) is represented by an infinite series of the so-called Adomian polynomials.
The polynomials A are generated for all kind of nonlinearity so that depends only on A 0 , depends on 0 , A 1 and 1 and so on. The Adomian method defines the solution ( ) by the series:
In the case of F ( ), the infinite series is a Taylor expansion about 0 . In other words 
Now that the A are known, Eq. (15) can be substituted in Eq. (14) to specify the terms in the expansion for the solution of Eq. (16).
Applications

Heat transfer problem description with a various logarithmic surfaces
The one-dimensional heat transfer in a logarithmic various surface A( ) and logarithmic various heat generation G( ) was studied ( Figure 1 ). It is also assumed that the conduction coefficient, , can be variable as a function of temperature. The energy equation and the boundary conditions for this geometry are as follows:
where
Assuming as a linear function of temperature, we have:
Here, β shows the rate of effectiveness of temperature variation on thermal conductivity coefficient and 0 is the thermal conductivity of the fin at the ambient. After simplification, we have:
With making the boundary conditions dimensionless we have:
And α, , L are constants to be determined through the initial conditions.
VIM applied to the problem
In order to solve Eq. (26) with boundary conditions (28) using VIM, we construct a correction functional, as follows:
Its stationary conditions can be obtained as follows:
The Lagrangian multiplier can therefore be identified as:
As a result, we obtain the following iteration formula:
(32) Now we start with an arbitrary initial approximation that satisfies the initial condition:
Using the above Variational formula (29), we have:
Substituting Eq. (33) in to Eq. (34) and after simplification, in the same manner, the rest of components were obtained by using the Maple package. According to the VIM, we can conclude (α = 40, T 0 = 10, = 2 and β = 0): 
and so on. In the same manner the rest of the components of the iteration formula can be obtained.
HPM applied to the problem
A homotopy perturbation method can be constructed as follows:
One can now try to obtain a solution of Eq. (36) in the form of:
where ( ) = 0 1 2 are functions yet to be determined.
According to Eq. (36) the initial approximation to satisfy initial condition is:
Substituting Eqs. (37) and (38) into Eq. (36) yields: (42) and so on. In the same manner the rest of the components of the iteration formula can be obtained.
ADM applied to the problem
In order to apply ADM to nonlinear equation in fluids problem, we rewrite Eq. (26) in the following operator form:
(43) where the notation:
is the linear operator. By using the inverse operator, we can write Eq. (43) in the following form:
(45) where the inverse operator is defined by:
The nonlinear operators N 1 (θ), N 2 (θ), N 3 (θ) are defined by the following infinite series:
where A is called Adomian polynomials and defined by [3] :
Hence we obtain the components series solution by the following recursive relation:
(50) where ≥ 0. Adomian's polynomials formula, Eq. (49), is easy to set computer cod to get as many polynomials as we need in the calculation. We can give the first few Adomian's polynomials of the A as: 
and so on. In the same manner the rest of the components of the iteration formula can be obtained. 
Results and discussion
The objective of the present study is to apply Homotopy perturbation method, Variational iteration method, and the Adomian decomposition methods to obtain an explicit analytic solution of heat transfer equation of logarithmic surface profiles (Figure 1 ).
For showing the efficiency of analytical applied method a special case is considered and results are compared with numerical method as shown in Figure 2 .
The numerical solution is performed using the algebra package Maple 16.0, to solve the present case. The package uses a fourth order Runge-Kutta procedure for solving nonlinear boundary value (B-V) problem [21] . Furthermore, Validity of HPM, VIM and ADM are shown in Table 1 . In this tables, the %Error is defined as:
From the graphical representation, the results are proved to be precise and accurate in solving a wide range of mathematical and engineering problems especially Fluid mechanic cases. This accuracy gives high confidence to us about validity of this problem and reveals an excellent agreement of engineering accuracy. Moreover, Figures 3 to 6 are prepared in order to see the effects of α and β on the temperature profiles. Figure 3 and Figure 4 are depicted for showing the effect of α on temperature profile respectively. As seen in these figures by increasing α, temperature profiles increases for the values of α in the range 0 < α < 1, whereas by increasing α number, temperature profiles decrease for the values of α beyond 1.0. In addition, the dimensionless temperature distributions along the fin surface with β varying from -50 to 50 are depicted in Figure 5 and Figure 6 , respectively. In the case of β > 0, the temperature distributions increases as increases, reaches a peak value in the neighborhood of = 0 2 and then decays to zero around = 5 0. For the case of β < 0, which is illustrated in Figure 6 , the temperature becomes negative and decreases as increases. The trough in radial velocity is attained in the neighborhood of = 0 2.
Conclusion
In this paper, the basic idea of the Variational iteration method, Homotopy-perturbation method and Adomian decomposition methods are introduced and then have been successfully applied to governing differential equation of geometry with a logarithmic various surface. The results obtained here were compared with the numerical solutions. The results show that these methods enable to convert a difficult problem into a simple problem which can easily be solved. Important objective of our research is the examination of the convergence of HPM, VIM and ADM. The comparisons of the results obtained here provide more realistic solutions, reinforcing the conclusions about the efficiency of these methods. Therefore the HPM, VIM, ADM are powerful mathematical tools and can be applied to a large class of linear and nonlinear problems arising in heat transfer equations.
